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Spin Solitons in Magnetized Pair Plasmas
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A set of fluid equations, taking into account the spin properties of the electrons and positrons in a magneto-
plasma, are derived. The magnetohydrodynamic limit of the pair plasma is investigated. It is shown that the
microscopic spin properties of the electrons and positrons can lead to interesting macroscopic and collective
effects in strongly magnetized plasmas. In particular, it is found that new Alfve´nic solitary structures, governed
by a modified Korteweg–de Vries equation, are allowed in such plasmas. These solitary structures vanish if the
quantum spin effects are neglected. Our results should be of relevance for astrophysical plasmas, e.g. in pulsar
magnetospheres, as well as low-temperature laboratory plasmas.
PACS numbers: 52.27.-h, 52.27.Gr, 67.57.Lm
I. INTRODUCTION
The magnetoplasma, first discussed by Alfve´n [1], is today
a mature research topic, with a wide range of applications.
Recently, so called quantum plasmas in which the quantum
properties of the plasma particles are taken into account, have
received attention (see e.g. [2, 3, 4] for an up-to-date set of
references). The collective motion of quantum particles in
magnetic fields thus gives a natural extension to the classi-
cal theory of magnetohydrodynamics (MHD) in terms of so
called quantum magnetoplasmas. The discussion of quantum
plasmas has shown that quantum collective effects can have
interesting consequences both in laboratory and astrophysical
environments [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18],
and part of the literature has indeed been influenced by exper-
imental progress and techniques (see e.g. [19, 20, 21, 22, 23,
24, 25], where also strong field effects are discussed). From
the laboratory perspective, the motion of particles with quan-
tum spin in strong fields, using e.g. intense lasers, has at-
tracted interest as a probe of quantum physical phenomena
[26, 27, 28, 29, 30, 31]. These studies are however mainly
focused on single particle properties. In Refs. [32, 33] how-
ever, the kinetic properties of spin plasmas was investigated.
Strong fields appear in pulsar and magnetar environments
[34, 35, 36]. Discussions of quantum plasmas in such envi-
ronments can be found in Refs. [15, 16, 17, 18]. Moreover,
studies taking both certain quantum electrodynamical effects,
such as photon splitting, as well as collective particle effects
have been made [37, 38].
In the present paper, starting from the basic set of equations
presented in Refs. [3] and [4], we derive the governing MHD
equations for a pair plasma. These MHD equations takes into
account quantum properties, such as spin, of the electrons and
positrons. It is found that the nonlinear propagation of Alfve´n
waves in such quantum MHD (QMHD) pair plasmas is gov-
erned by a modified Korteweg–de Vries equation. This equa-
tion is known to support solitary structures. Moreover, if the
quantum spin effects are neglected, the solitary structures van-
ish, making them true quantum solitons. The results should be
of interest for both laboratory and astrophysical plasmas.
II. GOVERNING EQUATIONS
In Refs. [3] and [4], it was shown that the evolution of spin
plasma particles in a strongly magnetized environment is gov-
erned by the equations for the particle densities n j and veloc-
ities V j
∂n j
∂ t +∇ · (n jV j) = 0, (1)
and
mn j
( ∂
∂ t +V j ·∇
)
V j = q jn j (E+V j×B)−∇Pj+C j+FQ, j,
(2)
where q j stands for the charge of the electrons (qe = −e) or
positrons (qp = e), m = me = mp is the electron (positron)
mass, C j is the collisional contribution between species j and
the second species, and FQ, j is the total quantum force density
(for a complete expression of this force density, see Refs. [3]
and [4]). Here we will make use of the following expression
for the quantum force on the electrons/positrons
FQ, j = n j

∇

 h¯2
2mn1/2j
∇2n1/2j

+ tanh(µBB
Tj
)
µB∇B

 ,
(3)
where the first term is the gradient of the so called Bohm po-
tential, the second term comes from the spin and B = |B|. We
note that tanh(x) = B1/2(x), where B1/2 is the Brillouin func-
tion with argument 1/2 describing particles of spin 1/2. The
temperature Tj is measured in units of energy. Furthermore,
we have introduced the Bohr magneton µB = eh¯/2m, where h¯
is Planck’s constant divided by 2pi .
The coupling between the quantum plasma species is me-
diated by the electromagnetic field. The total magnetic field
include both the classical contribution (from currents j =
∑q jn jV j) and the spin sources, such that Ampe`re’s law reads
∇×B = µ0(j+ jM)+ 1
c2
∂E
∂ t , (4)
including the magnetization spin current jM, j = ∇ ×
(2q jn jµBS/h¯
∣∣q j∣∣) for each species, where S is the spin vector.
2Furthermore, we need Faraday’s law
∇×E =−∂B∂ t . (5)
We note that the spin current is determined by the spin vec-
tor S. In general the spin vector follows a separate evolution
equation, see Ref. [3], but in the limit where the time-scales
are much longer than the Larmor period, the spin vector can
be approximated by
S = h¯
2
q j∣∣q j∣∣ tanh
(
µBB
Tj
)
ˆB
where ˆB is a unit vector in the direction of the magnetic field.
The magnetization spin current is thus given by
jM =∑
j
∇×
[
n jµB tanh
(
µBB
Tj
)
ˆB
]
(6)
III. ELECTRON–POSITRON PLASMA AND THE MHD
LIMIT
We now introduce the total mass density ρ ≡ m(ne +
np), the centre-of-mass fluid flow velocity V ≡ m(neVe +
npVp)/ρ , and the current density j = −eneVe + enpVp, and
assume that Pe,p = Te,pne,p. Using these definitions, we im-
mediately obtain
∂ρ
∂ t +∇ · (ρV) = 0. (7)
Assuming quasi-neutrality, i.e. ne ≈ np, we next add the
momentum conservation equations for the electrons and
positrons to obtain
ρ
( ∂
∂ t +V ·∇
)
V = j×B−∇ ·Π+FQ, (8)
where Π= [(Te+Tp)/2me]I+(m2/ρ)j⊗ j is the total pressure
tensor in the centre-of-mass frame and
FQ = FQ,e +FQ,p = ρ
[
∇
(
h¯2
2m2ρ1/2 ∇
2ρ1/2
)
+∑
j
tanh
(
µBB
Tj
)
µB
m
∇B
]
. (9)
The collisional contributions have here cancelled due to mo-
mentum conservation. Subtracting the momentum equations
for the electrons and positrons, assuming Ce = ηenej, where
η is the resistivity, we also obtain the generalized Ohm’s law
∂ j
∂ t +∇ · (j⊗V+V⊗ j)=
e2ρ
m
(E+V×B−ηj)
−
e
2m2
(∆T )∇ρ− e
m
∆FQ, (10)
where ∆T = Te− Tp, and ∆FQ = FQ,e−FQ,p. We note that
in the limit of quasi-neutrality, the non-spin quantum force
contributions to Ohm’s law cancel, thus only leaving the spin
quantum force, as long as the species have different tempera-
tures. Eq. (10) is valid during rather general conditions, and
accounts for different temperatures of the species, as well as
for short scale lengths of the order of the gyro-radius. From
now on we will however limit ourselves to an equal temper-
ature plasma, with scale lengths longer than the gyro-radius.
Dividing by the density and taking the curl of Eq. (10), we
obtain
∂B
∂ t = ∇× (V×B−ηj) (11)
For the cases where the Alfve´n speed is much smaller than
the speed of light, the displacement current in (4) can be ne-
glected, and thus the current can be expressed in terms of the
magnetic field. In this case, Eqs. (7), (8) and (11) constitute
a closed system for B, V and ρ . But in plasmas with strong
magnetic fields, for example close to pulsars and magnetars,
the Alfve´n speed approaches c, and the displacement current
must be included in Ampe`re’s law. However, we still obtain a
closed system for the same equations (7), (8) and (11), simply
by eliminating the electric field using Ohm’s law and writing
the current as
j = 1µ0 ∇×B− ε0
∂
∂ t (V×B)− jM (12)
where from (6) we write the spin current as
jM = µB2m∇×
[
ρ tanh
(
µBB
T
)
ˆB
]
(13)
for a quasineutral electron-positron plasma with equal tem-
perature T . Note that in (12) we have for simplicity omitted
dissipative effects (η → 0).
IV. ONE-DIMENSIONAL ALFV ´EN WAVES
The spin terms have rather different properties than the
standard MHD- terms. As a consequence, the spin force does
not necessarily need to be as large as the ordinary j×B-force,
in order to significantly affect the evolution of the system.
In order to illustrate this specific property, we consider the
weakly nonlinear evolution of shear Alfve´n waves propagat-
ing at an angle to the magnetic field. In the absence of spin
effects, the Alfve´n waves propagates with the Alfve´n speed
cA =
[
c2B20/(c2µ0ρ0 +B20)
]1/2
, where B0 is the magnitude of
the unperturbed magnetic field, and ρ0 is the unperturbed den-
sity. We consider the case with spatial dependence on a single
coordinate ξ = xsinθ + zcosθ . As a prerequisite, we first
consider the linearized equations. Letting the unperturbed
magnetic field lie along the z-axis, and combining Eqs. (8),
(11) and (12) (with η −→ 0 ) we, as a first approximation,
obtain [ ∂ 2
∂ t2 − c
2
A,sp cos
2 θ ∂
2
∂ξ 2
]
vy = 0 (14)
3Here cA,sp = c2A/(1 + δsp) is the spin-modified
Alfve´n velocity, with the spin modification deter-
mined by δsp = h¯ω2p tanh(µBB0/T )/2mc2ωc, where
ωp = [(e2(n0p + n0e)/ε0m]1/2 is the plasma frequency
of the pair plasma, which comes from the part of the spin
current proportional to (ρ0/m)∇× [tanh(µBB0/T ) ˆB]. Here
we have introduced the cyclotron frequency ωc = eB0/m
[45]. For the sake of definiteness we also consider waves
propagating in the positive ξ -direction, such that we can
use the expression ∂/∂ t = cA,sp cosθ ∂/∂ξ in the linear
nondispersive approximation. Furthermore, from now on
we assume that the spin effects are small in the sense that
δsp ≪ 1, and also that the spins are weakly aligned with
the external magnetic field such that we can approximate
tanh(µBB0/T )≈ µBB0/T .
As is wellknown, a weakly nonlinear evolution typically
leads to wave steepening effects, and the necessity to include
dispersion on an equal footing. Following Ref. [39], but with
the inclusion of spin terms, treating the Hall current, i.e. the
first term of equation (10), as a small correction, weakly dis-
persive effects are thus kept. Considering only the positive
propagating waves, the linear wave operator for shear Alfve´n
waves can then be generalized to[ ∂
∂ t + cA,sp cosθ
∂
∂ξ +
c3A cos
3 θ
2ω2c sin2 θ
∂ 3
∂ξ 3
]
vy = 0 (15)
where small spin-contribution to the dispersive term in Eq.
(15) has been neglected.
Next, including nonlinear terms, we note that the lowest
order terms (i.e. those proportional to B2y and v2y) do not con-
tribute directly to the nonlinear coupling, and thus we must
include nonlinear terms of higher order in both the amplitude
and the 1/ωc expansion. We thereby obtain[ ∂
∂ t + cA,sp cosθ
∂
∂ξ +
c3A cos
3 θ
2ω2c sin2 θ
∂ 3
∂ξ 3
]
vy
=
cA cosθ
2ωc
∂
∂ξ
[
vy
sinθ
∂vy
∂ξ +ωc
vyρ1
ρ0
]
−
(µBB0)2
2mT
v2y
c3A
∂vy
∂ξ .(16)
The linear relation between the velocity and density perturba-
tions reads ρ1 = (ρ0/sinθ )∂vy/∂ξ , i.e. Eq. (16) reduces to[ ∂
∂ t + cA,sp cosθ
∂
∂ξ +
c3A cos
3 θ
2ω2c sin2 θ
∂ 3
∂ξ 3
]
vy
=−
(µBB0)2
2mT
v2y
c3A
∂vy
∂ξ (17)
which is a modified Korteweg de Vries (MKdV) equation with
a focusing type of nonlinearity. As is wellknown (see e.g.
Ref. [40]), this equation admits sech-shaped soliton solutions
where the product of the amplitude and the width is a constant,
according to
vy = vy0 sech
{(
(µBB0ωc)2v2y0 sin2 θ
3mT c6A cos3 θ
)1/2
×
[
ξ − cA,sp
(
cosθ +
(µBB0)2v2y0
12mTc3AcA,sp
)
t
]}
. (18)
Astrophysical environments may exhibit extreme fields.
Neutron stars have surface magnetic field strengths of the or-
der of 106− 109 T [34], while magnetars field strengths can
reach 1010− 1011 T [36], coming close to energy densities
corresponding to the Schwinger limit [20]; here, in the vicin-
ity of magnetars, the quantum vacuum becomes fully nonlin-
ear. However, more moderate, but still very strong, fields ap-
pear at a distance from the surface of magnetized stars, and
often in conjunction with a pair plasma due to cascading pro-
cesses [35]. Let us therefore consider a specific example of
solitons in a pulsar environment. We then take the unper-
turbed magnetic field as B0 ≃ 107 T. For a pulsar period of
P = 1s, and a multiplicity n = 10 [41], the Julian-Goldreich
expression nJG = 7×1015(0.1s/P)(B/108 T)m−3 for the pair
plasma density gives ρ0 ≃ 10−15 kg/m3 [35]. Furthermore, as
supported by the work of e.g. Ref. [42], we let the pair plasma
temperature be moderately relativistic, i.e. T ≃ 0.4mc2. Fi-
nally, we let the Alfve´n waves propagate almost parallell to
the magnetic field, at an angle θ ≃ 0.2rad, and have a veloc-
ity amplitude vy0 ≃ 103 m/s. We then find that the width of
the soliton is d = [(µBB0ωc)2v2y0 sin2 θ/3mTc6A cos3 θ ]−1/2 ≃
10−2 m. We note that variations of the parameters in the ex-
pression for the soliton width may change the size signif-
icantly, but this may also require other modifications to be
made, such as the inclusion of relativistic effects [46]. How-
ever, at this stage, we conclude that the existence of local-
ized spin structures in the pair plasmas surrounding pulsars is
likely, and further generalizations are left for future studies.
V. SUMMARY AND DISCUSSION
In the present paper we have studied the dynamics of an
electron- positron pair plasma in the MHD limit, and included
the spin properties of the constituents. A closed set of one-
fluid equations have been obtained, resembling the standard
MHD equations but including both a standard quantum force
(from the so called Bohm potential), as well as a number of
new terms related to the particle spins. The spin terms are of
particular importance for strongly magnetized plasmas and for
low temperature plasmas, when the spins are aligned with the
magnetic field. We stress that the spin terms can have rather
different properties than the usual terms in the MHD equa-
tions. As a consequence, it turns out that the spin force can
be of importance even when its magnitude is smaller than the
usual j×B- force. In order to demonstrate this property, we
have studied the special case of weakly nonlinear shear Alfve´n
waves in the one-dimensional limit. Due to the spin effects,
such waves may be governed by a MKDV-equation, leading
to wave steepening and subsequent soliton formation. By con-
trast, the nonlinearity cancels to all orders for such waves, if
the spin terms are omitted. The results of the present paper can
be of particular singnificance for astrophysical pair plasmas in
the vicinity of pulsars and magnetars [17, 18], as well as low-
temperature laboratory plasmas [43], and nano-structured sys-
tems [44].
4Acknowledgments
The authors would like to thank P. K. Shukla and L. Stenflo
for stimulating discussions. This research was supported by
the Swedish Research Council.
[1] H. Alfve´n, Nature 150, 405 (1942).
[2] G. Manfredi, Fields Inst. Comm. 46, 263 (2005).
[3] M. Marklund and G. Brodin, Phys. Rev. Lett. 98, 025001
(2007).
[4] G. Brodin and M. Marklund, New J. Phys. 9, 277 (2007).
[5] F. Haas, G. Manfredi, and M. R. Feix, Phys. Rev. E 62, 2763
(2000).
[6] D. Anderson, B. Hall, M. Lisak, and M. Marklund, Phys. Rev.
E 65, 046417 (2002).
[7] F. Haas, L. G. Garcia, J. Goedert, and G. Manfredi, Phys. Plas-
mas 10, 3858 (2003).
[8] F. Haas, Phys. Plasmas 12, 062117 (2005).
[9] L. G. Garcia, F. Haas, L. P. L. de Oliviera, and J. Goedert, Phys.
Plasmas 12, 012302 (2005).
[10] M. Marklund, Phys. Plasmas 12, 082110 (2005).
[11] P. K. Shukla and L. Stenflo, Phys. Lett. A 355, 378 (2006); P. K.
Shukla, Phys. Lett. A 357, 229 (2006); P. K. Shukla, L. Stenflo,
and R. Bingham, Phys. Lett. A 359, 218 (2006).
[12] P. K. Shukla, Phys. Lett. A 352, 242 (2006).
[13] P. K. Shukla and B. Eliasson, Phys. Rev. Lett. 96, 245001
(2006).
[14] P. K. Shukla, S. Ali, L. Stenflo, and M. Marklund, Phys. Plas-
mas 13, 112111 (2006).
[15] D. B. Melrose and A. J. Parle, Aust. J. Phys. 36, 755 (1983);
D. B. Melrose, ibid., 775 (1983); D. B. Melrose and A. J. Parle,
ibid., 799 (1983).
[16] D. B. Melrose and J. I. Weise, Phys. Plasmas 9, 4473J. L.
(2002).
[17] M. G. Baring, P. L. Gonthier, and A. K. Harding, Astrophys. J.
630, 430 (2005).
[18] A. K. Harding and D. Lai, Rep. Prog. Phys. 69, 2631 (2006).
[19] M. Marklund, G. Brodin, and L. Stenflo, Phys. Rev. Lett. 91,
163601 (2003).
[20] M. Marklund and P. K. Shukla, Rev. Mod. Phys. 78, 591 (2006).
[21] Y. I. Salamin, S. X. Hu, K. Z. Hatsagortsyan, and C. H. Keitel,
Phys. Rep. 427, 41 (2006).
[22] G. A. Mourou, T. Tajima, and S. V. Bulanov, Rev. Mod. Phys.
78, 309 (2006).
[23] E. Lundstro¨m, G. Brodin, J. Lundin, M. Marklund, R. Bingham,
J. Collier, J. T. Mendonc¸a, and P. Norreys, Phys. Rev. Lett. 96,
083602 (2006).
[24] J. Lundin, M. Marklund, E. Lundstrm, G. Brodin, J. Collier,
R. Bingham, J. T. Mendonc¸a, and P. Norreys, Phys. Rev. A 74,
043821 (2006).
[25] A Di Piazza, K. Z. Hatsagortsyan, and C. H. Keitel, Phys. Rev.
Lett. 97, 083603 (2006).
[26] U. W. Rathe, C. H. Keitel, M. Protopapas, and P. L. Knight, J.
Phys. B: At. Mol. Opt. Phys. 30, L531 (1997).
[27] S. X. Hu and C. H. Keitel, Phys. Rev. Lett. 83, 4709 (1999).
[28] R. Arvieu, P. Rozmej, and M. Turek, Phys. Rev. A 62, 022514
(2000).
[29] J. R. Va´zquez de Aldana and L. Roso, J. Phys. B: At. Mol. Opt.
Phys. 33, 3701 (2000).
[30] M. W. Walser and C. H. Keitel, J. Phys. B: At. Mol. Opt. Phys.
33, L221 (2000).
[31] M. W. Walser, D. J. Urbach, K. Z. Hatsagortsyan, S. X. Hu, and
C. H. Keitel, Phys. Rev. A 65, 043410 (2002).
[32] S. C. Cowley, R. M. Kulsrud, and E. Valeo, Phys. Fluids 29,
430 (1986).
[33] R. M. Kulsrud, E. J. Valeo, and S. C. Cowley, Nucl. Fusion 26,
1443 (1986).
[34] V. S. Beskin, A. V. Gurevich, and Ya. N. Istomin, Physics of
the Pulsar Magnetosphere (Cambridge university press, Cam-
bridge, 1993).
[35] E. Asseo, Plasma Phys. Control. Fusion 45, 853 (2003).
[36] C. Kouveliotou, S. Dieters, T. Strohmayer, J. van Paradijs, G. J.
Fishman, C. A. Meegan, K. Hurley, J. Kommers, I. Smith, and
D. Frail, Nature 393 235 (1998).
[37] G. Brodin M. Marklund, L. Stenflo and P.K. Shukla, New
J.Phys. 8, 16 (2006).
[38] G. Brodin, M. Marklund, B. Eliasson and P. K. Shukla, Phys.
Rev. Lett. 98, 125001 (2007)
[39] G. Brodin. J. Plasma Phys. 55, 121 (1996).
[40] J. L. Cooney, D. W. Aossey, J. E. Williams and K. E. Lonngren,
Phys. Rev. E, 47, 564, (1993).
[41] Q. Luo, D. B. Melrose, and D. Fussell, Phys. Rev. E 66, 026405
(2003).
[42] I. V. Moskalenko and W. Collmar, Astrophys. Lett. Commun.
39, 113 (1999); astro-ph/9809377.
[43] W. Li, P. J. Tanner, and T. F. Gallagher, Phys. Rev. Lett. 94,
173001 (2005).
[44] R. E. Rosensweig, Ferrohydrodynamics (Cambridge University
Press, Cambridge, 1985).
[45] In the case when the contribution to external magnetic field
from the spins is large, it is strictly speaking only the exter-
nal sources (i.e. not the spin sources) that contribute to the
magnetic field and thereby the cyclotron frequency in this for-
mula. Thus formally we should replace the full cyclotron fre-
quency ωc with the cyclotron frequency due to external sources
only, ωc−ext, where the two are related by ωc = ωc−ext +
h¯ω2p tanh(µBB0/T )/mc2. In our case, however, this difference
is negligible.
[46] Using the non-relativistic Pauli equation means that certain ef-
fects are omitted, such as the spin-orbit coupling. Furthermore,
a moderately relativistic temperature means that a relativistic
pressure model would be preferable. However, since the waves
considered are only weakly compressional (as associated with
the weak despersion of the Alfve´n waves), the main role of the
thermal effects is to determine the average orientation of the
spins. Thus it is not crucial to use a relativistic pressure model in
the example given here. Finally, for the low amplitude solitons
considered, there is clearly no need to account for a relativistic
quiver velocity.
